, which maps quantum information between two ion species, to prepare and non-destructively detect quantum mechanical states in molecular ions 7 . We develop a general technique for optical pumping and preparation of the molecule into a pure initial state. This enables us to observe high-resolution spectra in a single ion (CaH + ) and coherent phenomena such as Rabi flopping and Ramsey fringes. The protocol requires a single, far-offresonant laser that is not specific to the molecule, so many other molecular ions, including polyatomic species, could be treated using the same methods in the same apparatus by changing the molecular source. Combined with the long interrogation times afforded by ion traps, a broad range of molecular ions could be studied with unprecedented control and precision. Our technique thus represents a critical step towards applications such as precision molecular spectroscopy, stringent tests of fundamental physics, quantum computing and precision control of molecular dynamics 8 . Substantial progress has been made in recent years towards the goals of controlling the quantum mechanical states of ultracold molecules 9, 10 (see also Methods). The charge of a molecular ion provides a means of trapping and sympathetically cooling translational motion via its Coulomb interaction with a co-trapped atomic ion that is readily lasercooled 11 . Cooling of vibrational 12 and rotational [13][14][15][16] states has been realized in heteronuclear molecular ions. Preparation of molecules in specific vibrational and rotational states has been achieved via threshold photoionization 17 , and optical pumping into individual hyperfine states has been demonstrated 18 . In the context of quantum-logic spectroscopy, state detection of a single molecular ion in a particular subset of states in a rotational manifold has been achieved 7 . Many of these experiments rely on fortuitous molecular properties 9, 13 , dedicated multi-laser systems 9, 14,15,18 or sophisticated laser-cooling techniques
.
Substantial progress has been made in recent years towards the goals of controlling the quantum mechanical states of ultracold molecules 9, 10 (see also Methods). The charge of a molecular ion provides a means of trapping and sympathetically cooling translational motion via its Coulomb interaction with a co-trapped atomic ion that is readily lasercooled 11 . Cooling of vibrational 12 and rotational [13] [14] [15] [16] states has been realized in heteronuclear molecular ions. Preparation of molecules in specific vibrational and rotational states has been achieved via threshold photoionization 17 , and optical pumping into individual hyperfine states has been demonstrated 18 . In the context of quantum-logic spectroscopy, state detection of a single molecular ion in a particular subset of states in a rotational manifold has been achieved 7 . Many of these experiments rely on fortuitous molecular properties 9, 13 , dedicated multi-laser systems 9, 14, 15, 18 or sophisticated laser-cooling techniques 10 . Coherent control of pure quantum states of a molecular ion, which is crucial to precision experiments, has not yet been accomplished.
Here we demonstrate a general protocol for coherent manipulation of trapped molecular ions in their electronic and vibrational ground states based on quantum-logic spectroscopy 6 and stimulated Raman transitions driven by a far-detuned laser source [19] [20] [21] . Because the rotational motion is not cooled, our approach relies on probabilistically preparing a particular rotational state via a projective measurement 22 . We cool the shared motion of the molecular ion and a co-trapped atomic ion to the ground state 11 . We then set the relative detuning of the Raman beams to drive a specific transition in the molecule in such a way that a state change of the molecule is accompanied by an excitation of the shared motion (motional sideband). We can efficiently detect this excitation with the atomic ion, which projects the molecule into the final state of the transition, leaving the molecule in a known, pure quantum state 22 . This method enables subsequent manipulation of the molecular state and spectroscopy of molecular transitions. In addition, we pump the molecular ion into specific sublevels of its rotational states, effectively orienting the molecular rotation along an axis of our choice. The improved orientation after pumping increases the success rate of state preparation and the signal-to-noise ratio in subsequent experiments.
In our experiments, we trap two 40 Ca + ions in a harmonic ion trap in ultra-high vacuum at room temperature (pressure ≈ 4 × 10 −9 Pa). To form the molecular ion, hydrogen gas is leaked into the vacuum chamber until one of the 40 
Ca
+ ions reacts to form a 40 CaH + ion, which quickly relaxes to its singlet electronic and vibrational ground state, but remains in a mixture of rotational states, in equilibrium with the blackbody radiation of its room-temperature environment 23 . The 40 CaH + molecular ion serves as a test case for a much wider class of molecules that could be generated using various other techniques (see Methods). The 40 
+ ion, which can readily be laser cooled, optically pumped and manipulated 24 , is coupled to the molecule by mutual Coulomb repulsion so that the shared normal modes of translational motion can be sympathetically cooled to their ground states 7, 11 . A simplified diagram of the experimental set-up is shown in Fig. 1 .
Rotation of the molecule and coupling of the rotational angular momentum Jˆ, the spin of the proton Iˆ and the external magnetic field B, is described by the Hamiltonian 
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To drive the stimulated Raman transitions in the molecule, we use two Raman beams from a continuous-wave fibre laser with a wavelength of approximately 1,051 nm. The two beams are directed separately onto the ions, one circularly (σ − ) and one linearly (π) polarized with respect to the quantization axis along the magnetic field, as indicated in Fig. 1 .
, these beams coherently drive carrier two-photon stimulated Raman transitions and the first sidebands of translational motion, respectively. Here ν σ (ν π ) is the frequency of the σ − -polarized (π -polarized) beam, E i (E f ) is the energy of the initial (final) molecular level and ν t is the frequency of the motional mode. To minimize the perturbation of the molecular energy levels that is caused by the Raman beams, we control the intensity ratio between the σ − and π beams to minimize the differential AC Stark shifts between the molecular levels (see Methods).
Within the framework of quantum-logic spectroscopy, the probabilistic projective preparation of a pure quantum state in the molecular ion proceeds as follows. If we assume perfect ground-state cooling, with 40 Ca
, then the density matrix of the molecule, the normal mode, and the atomic ion can be written as
, the density matrix of the molecule is projected to the pure state ρ = | 〉〈 | J J M f f , which is heralded nondestructively by detecting that the 40 
Ca
+ ion scatters photons. We can measure Raman spectra of molecular transitions by recording the probability of detecting | 〉 S , as long as we leave the molecule enough time to re-establish equilibrium with the blackbody environment, so that J P i is the same for every attempt. Such a spectrum with m f = m i − 1 is shown as the blue curve in Fig. 3 . Owing to the small magnitudes of J P (< 1.1% at 300 K), the transitions with frequencies ω/(2π ) ≡ (E f − E i )/h between − 10 kHz and − 50 kHz are not discernible from measurement noise, which we have optimized to be at the 0.5% level (see Methods).
To achieve a better signal-to-noise ratio in the target transitions with unique
, it is beneficial to increase the populations in the corresponding initial states above 40 Ca + ion pair is held in a linear Paul trap. Two modes of motion in the z direction and one in the x direction of the ion pair are prepared in the motional ground states via laser cooling on 40 Ca + . The motional mode in the z direction in which the two ions oscillate out of phase is used as the normal mode for the quantum-logic spectroscopy protocol. Two Raman beams derived from a single 1,051-nm fibre laser are split in frequency by two acousto-optic modulators (AOMs). They are directed onto the molecular ion with a k-vector difference along the trap z axis. The two Raman beams have π and σ − polarizations relative to the quantization axis defined by the applied magnetic field B. They drive either carrier two-photon stimulated Raman transitions in the molecule or their motional sidebands, depending on the frequency detuning, while changing the projection quantum number m of the molecular angular momentum by ± 1. Single quanta of excitation in the ion motion can be detected by driving sidebands of the narrow quadrupole transition between the 4s 2 S 1/2 and 3d 2 D 5/2 levels of the 40 Ca + atomic ion, followed by electron shelving detection with the laser beams addressing 40 Ca + (blue, red and pink arrows; see text and Methods). Detection of motional excitation on the 40 Ca + ion projects the molecule into the final state of the addressed transition, which is then available for further manipulation. the thermal equilibrium levels. Because the blackbody relaxation times (about 100 ms to more than 2 s at 300 K for J < 8) are long compared with attempts to drive transitions (< 5 ms), we can concentrate the population via optical pumping. The pumping uses a pulse sequence similar to projective state preparation. The ions are first cooled to the ground state of motion, after which a blue-sideband pulse is applied to the molecular transition to be pumped. Further ground-state cooling produces dissipation in the system, making these pumping transitions directional 6 , analogous to a typical optical pumping process in which spontaneous decay removes entropy from the system. The effect of pumping in the molecular system can be understood by returning to equation (2) , which describes the density matrix of the system after the blue-sideband pumping pulse on the molecular ion. In this case, J i denotes the state being pumped. If | β| ≠ 0 after the pumping attempt, then the sideband cooling pulses on the 40 
+ ion destroy the coherence induced from driving the molecular blue-sideband transition, transforming the density matrix from ρ 1 to 
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with ω/(2π ) > 10 kHz (blue solid arrows in Fig. 2 ) also need to be addressed with additional pumping pulses. Assuming perfect pumping efficiency, the steady-state density matrix can be approximated by
, , is the total probability of being in the manifold with rotational quantum number J, which, compared to the equilibrium thermal distribution, increases the probability of being in | − + / −〉 J J , 1 2, by a factor of 2(2J + 1) (the number of sublevels in the manifold). The Raman spectrum taken after the pumping stage is shown as the linked red dots in Fig. 3 . The excitation probabilities for the isolated target transitions are much greater than those for the equilibrium spectrum, but we infer a pumping efficiency of less than 50%.
After optical pumping, the frequencies of the target transitions are distinguishable and enable projective state preparation. False-positive detection of changes in phonon number can be due to imperfect ground-state cooling or heating of the motion from other sources, which affects the fidelity of the projective state preparation. We can improve the preparation fidelity by performing multiple projective measurements that successively drive the alter the motional state. To avoid driving multiple transitions, the carrier Raman pulses are reduced in power by a factor of 10 compared to the sideband pulses. During the coherent evolution, the state of the molecule is ideally
where Ω J is the J-dependent Rabi frequency of the transition (see Methods). The molecule is detected in | 〉 T J with probability C J sin 2 (Ω J t), where C J < 1 because of inefficiencies in preparation and detection and imperfections in the driving pulse. By repeating preparation, coherent evolution and state detection, we build up sufficient statistics to observe the Rabi flops shown in Fig. 4 as a function of the duration of the Raman pulses for J ∈ {1, 2}.
To further characterize the coherence, we implement a Ramsey sequence. We first prepare an equally weighted superposition
and Ω J t = π /4 to apply a carrier π /2 pulse. We then wait for a duration Τ and apply another π /2 pulse with variable phase φ relative to the first pulse. If the molecular state remains coherent through the second interaction, then the probability to return to | 〉 T J varies sinusoidally with the relative phase. Fig. 4e , f shows this for J ∈ {1, 2} and Τ = 15 ms. The fringes are suitable for metrology with sub-100-Hz resolution, although the systematic uncertainties have not yet been characterized at this level. The stability of the Raman beams could be further improved to better exploit the lifetime of the molecule in the rotational sublevels and achieve higher spectroscopic resolution with a longer Ramsey sequence.
The main criteria for applying the protocol demonstrated here to other molecular ion species are: (a) efficient trapping and sympathetic cooling via an atomic ion; and (b) transitions in the molecule with accessible frequencies and sufficient coherence for probabilistic projective preparation and coherent manipulation of pure states (see Methods). The same laser and methods in our set-up are readily applicable to precision spectroscopy and quantum state manipulation of a wide range of molecular species, including symmetric molecules and possibly molecules that have been identified as candidates to impose stringent limits on the electric dipole moment of the electron 28, 29 , or the time dependence of fundamental constants (see Methods and references therein). In future work, we plan to use a frequency comb as a second source of Raman pulses that can span the energy difference between rotational levels with different J (refs 19-21). Rather than relying on blackbody radiation to randomly populate a level with the desired J, this should allow us to coherently transfer the molecule from any pure state to the desired state on timescales much faster than the blackbody rates [19] [20] [21] . We are optimistic that these techniques will enable precise spectroscopic experiments on a multitude of molecular ions that are relevant in astrophysics, stringent tests of fundamental theories, and quantum information processing.
Online Content Methods, along with any additional Extended Data display items and Source Data, are available in the online version of the paper; references unique to these sections appear only in the online paper. 
Ca
+ pair was reported in ref. 44 . Generality of our approach and special applications. Sympathetic cooling and quantum-logic readout require that the motion of the molecular ion and the logic ion are sufficiently coupled 20 . The amplitude of the heavier ion decreases and the frequency difference between the two normal modes increases as the mass ratio of the constituents becomes more unequal. An additional factor is that the radial pseudo-potential of linear radio-frequency traps scales with the inverse mass; therefore, the disparity in the radial frequencies also increases when masses become more different. Quantum-logic experiments have been done at mass ratios of up to three 6 , and this ratio could probably be pushed higher. . Use of these species should allow a range of diatomic and polyatomic molecules with masses from 3 a.m.u. to 513 a.m.u., sufficiently high to co-trap ions of small organic compounds. Despite the fact that their mass ratio is larger than three, we are optimistic that the lightest molecular ion, + H 2 (refs 45-47) , can be made accessible using 9 
Be
+ as the logic ion
48
. The single continuous-wave laser at 1,051 nm used here, or similar continuouswave sources, can address Raman transitions between states with energy differences ranging from a few hundred hertz to tens of gigahertz, provided that the two Raman beams can be separated in frequency with suitable acousto-optic or electro-optic devices, as demonstrated here. In this way, the energy levels split by a few to several tens of kilohertz that arise from the coupling of nuclear magnetic moments to those induced by molecular rotation, and from coupling of such magnetic moments to weak external magnetic fields similar to the states used here, can be addressed. Energy splittings due to coupling of the electron spins with the rotation, hyperfine and Zeeman structure, which typically range from a few megahertz to 10 GHz, can also be bridged in this manner.
Stimulated Raman transitions with reasonable Rabi frequencies are feasible in symmetric molecules, despite their lack of a permanent dipole moment. This is also true for + H 2 , which has no stable excited electronic state. With sufficiently high detuning, the population in excited states can be kept small enough that the probability of dissociation becomes negligible. Nevertheless, the electric fields due to the Raman beams deform the electronic ground state in such a way that it has a polarization component at energy differences that arise within the electronic ground-state manifold as a result of vibration, rotation, hyperfine structure and so on. Owing to its unbound excited electronic state, the sum over excited states that we evaluate below cannot be used for computing the Raman-Rabi frequency in + H 2 . However, the Rabi frequency can be computed using other methods 47 . For light with a wavelength of around 800 nm, 750 mW per Raman beam and focused to a 20-μ m 2 waist, the Rabi frequency is estimated to be 2π × 29 kHz for a carrier transition (L. Hilico & J.-Ph. Karr, private communication).
The search for an electron electric dipole moment could be realized by combining our methods with those described in ref. 29 . This experiment uses a linear trap with extra electrodes to superimpose a rotating radial electric field onto the trapping fields. If the radial electric field rotation frequency is much faster than the radial secular frequency of the ions, then it leads to additional circular micromotion at the frequency of the rotating field. The micro-motion excursions of the ions are essentially 180° out of phase with the rotating electric field, so they experience a field of constant magnitude, but with a zero average over one rotation period. Owing to couplings between the electron spin and the molecular rotation, the lowest energy splittings (due to Λ doubling 29 ) that dictate adiabaticity are around 10 MHz. In the experiments described in ref. 29, the field has a magnitude of 11.6 V cm −1 and rotates at 253 kHz. In a linear trap with 2-mm distances between opposing electrodes, such a rotating field could be achieved with less than 3 V of amplitude, considerably below the amplitudes that are commonly used for producing the radial confinement in linear traps of such dimensions (tens to hundreds of volts). However, the extent of the circular motion of the ions will be sizable (about 200 μ m) and the secular frequencies will be limited to tens of kilohertz. Quantum-logic spectroscopy at such low secular frequencies has not yet been demonstrated. The rotating field does not need to be turned on during the quantum-logic interrogation. If all technical obstacles can be overcome, then the question still remains whether experiments of a single or few molecular ions will offer an advantage over the larger ensembles that are currently probed in the experiments described in ref. 29 . For that, the advantage of large ion number needs to be overcompensated by an increased coherence time and precision. It seems conceivable that this could be the case, because the coherence time demonstrated in ref. 29 was probably limited by uncontrolled ion-ion interactions. Moreover, the quantum-logic set-up may allow different molecular ions to be co-trapped with the logic ion simultaneously and hence to be non-destructively probed in the same environment. This set-up might be advantageous to further suppress systematic uncertainties.
Another field of current interest is to use molecular transitions to increase the sensitivity of searches for the variation of fundamental constants. Vibrational transitions are most sensitive to variations in the ratio of electron to proton mass m e /m p and probing them will require dedicated lasers. Nevertheless, the methods demonstrated here enable efficient state preparation and non-destructive state read-out with near-unity quantum efficiency, and thereby overcome major hurdles on the way to such experiments. The species used in our experiments, CaH requires an accurate potential energy curve to determine the equilibrium structure and rovibrational wavefunctions within the Born-Oppenheimer approximation. In a second step, properties (spin-rotation constant and g-factor) are computed as a function of the Ca-H internuclear distance r. The g-factor and spin-rotation constant for a given rovibrational state Jv are computed as the expectation value with respect to the rovibrational wavefunction; for example,
Geometry and vibrational wavefunction of CaH

+
. Calculations were carried out using the packages CFOUR 54 and MRCC 55,56 using coupled-cluster (CC) methods. Different levels of coupled-cluster theory are abbreviated according to the level of excitations in the exponential; for example, CCSDTQ stands for coupled-cluster with single, double, triple and quadruple excitations. In CCSD(T), the contribution of triple excitations is determined from perturbation theory 57 . All calculations use atom-centred Gaussian basis sets, the correlation-consistent polarized (cc-p) basis sets 58, 59 , with valence-only (cc-pV) and core-valence (cc-pCV) correlation for Ca. The full basis set is specified by the number X of independent radial basis functions per correlated occupied orbital, for example cc-pCV5Z. All calculations are based on a closed-shell restricted Hartree-Fock reference. The frozen-core approximation was used in coupled-cluster calculations, with the five lowest (doubly occupied) orbitals in the frozen core. In the following, we are not interested in total energies, but only in the shape of the potential-energy curve. As can be seen in Extended Data Fig. 1 , the energy is well converged with respect to the cluster operator at the CCSDT level of theory. This follows from comparison with CCSDTQ calculations, with deviations of less than 0.01 eV. In the range of the potential curve that is relevant for the vibrational ground state (approximately 1.4 Å < r < 2.4 Å; see Extended Data Figs 2 and 3), CCSD(T) agrees quantitatively with CCSDT. For r > 3.0 Å, CCSD(T) starts to deviate substantially from CCSDT because the calculation of the amplitudes of the triple excitations from perturbation theory is no longer a good approximation of the solution of the coupled-cluster equations. We therefore use CCSD(T) because it is accurate enough and the most efficient. Increasing the basis set from cc-pCVQZ to cc-pCV5Z results in energy changes of less than 0.02 eV. The contribution of the diagonal Born-Oppenheimer correction and of scalar relativistic effects, mass-velocity correction and oneelectron Darwin term corrections are also about 0.02 eV.
Vibrational wavefunctions are obtained by numerical solution of the Schrödinger equation using the full potential V 0 (r) (energy of the electronic wavefunction as a function of Ca-H distance, using CCSD(T)) plus centrifugal potential:
where μ is the reduced mass and J is the rotational quantum number.
Letter reSeArCH
Hyperfine-coupling and g-factor from numerical electronic structure theory. Spinrotation constants and g-factors were computed from coupled-cluster response theory using London atomic orbitals and rotational London atomic orbitals [60] [61] [62] [63] . As has been found before, the calculations are not very sensitive to the size of the basis set or core correlation 60 . At the minimum of the potential energy curve, computed values for g and c IJ deviate by about 0.1% between CCSDT and CCSD(T), and still by less than 0.5% between CCSDT and CCSD, demonstrating well-converged results with respect to the cluster operator (see Extended Data Table 1 ). Results obtained with the 3ζ basis set cc-pVTZ differ substantially from those obtained with larger basis sets (13% for g) . The difference between the calculation with the largest and second-largest basis set (CCSD(T)/cc-pCV5Z and CCSD(T)/ cc-pCVQZ) is 1.7% for g and 0.6% for c IJ . In the literature, computed values based on a comparable level of theory usually deviate by less than 5% from experimental values, and often the deviation is less than 1% (refs 60, 64-66) . On the basis of these results, we will use CCSD(T)/cc-pCV5Z to compute all properties and estimate the error on computed values of c IJ and g to be ± 5%. The minimum of the potential energy curve at the CCSD(T)/cc-pCV5Z level of theory is r 0 = 1.896 Å, in agreement with ref. 25 .
Vibrationally averaged values are obtained using the vibrational wavefunction and a polynomial interpolation of the property. Relativistic corrections to the spin-rotation constant from Thomas precession 67 were included, but are always small, of the order of 10 Hz. The results are presented in Extended Data Table 2 . The vibrational corrections are smaller for the g-factor, because g(r) is approximately linear in the relevant range of r. Because the wavefunction of the vibrational ground state is, to a good approximation, as symmetric around the equilibrium distance r 0 as is the harmonic approximation, the vibrational correction to any property that depends linearly on r nearly vanishes.
The behaviour of the spin-rotation constant and g-factor as a function of the bond distance is shown in Extended Data Figs 2 and 3.
Magnetic sublevels of CaH
+
. The energies of the rotational levels of the molecule referenced to the electronic and vibrational ground state are approximately proportional to the eigenvalues of the square of the rotational angular momentum operator Jˆ2: hRJ(J + 1). For a given rotational quantum number J and with a magnetic field B, the energy of a state is further determined by the mutual (hyperfine) coupling between the orbital magnetic moment, produced by the charges rotating with the molecule, and the magnetic moment of the hydrogen nucleus (proportional to ⋅ J Îˆ), as well as the coupling of the individual magnetic moments to the external magnetic field (proportional to ⋅ J B and to ⋅ I B ), which split the levels by a few kilohertz. With the spin-rotation constant c IJ and g-factor g, the structure of 40 
CaH
+ magnetic sublevels in each J manifold can be calculated by diagonalizing the Hamiltonian:
where g I is the proton g-factor and μ N is the nuclear magneton. In our experiments, the external magnetic field defines the quantization axis, = B e B z , where e z is a unit vector along the magnetic field direction (the z axis does not coincide with the z axis along which the ion crystal aligns; see 
. In all other cases, the blocks have dimensions 2 × 2 of the form 2  ,  1  2  2  ,  1  2   1  2  ,  1  2   , ,  2  ,  1  2   1  2  ,  1  2  2  ,  1 where e is the charge of the electron, r its position (we have neglected the sum over indistinguishable electrons for simplicity) and ω af = (E f − E a )/ħ is the frequency difference between the initial state | 〉 a and an intermediate state | 〉 f . The term in the sum with denominator ω af − ω 1 is due to terms rotating at the difference frequency between the first light field and the energy difference of initial and intermediate states. In most textbook discussions, the difference is assumed to be much smaller than the sum ω af + ω 2 that appears in the denominator of the other term. In these cases, terms in the perturbation expansion co-rotating at this sum are neglected with respect to the counter-rotating terms at the difference frequency, in what is called the rotating-wave approximation. However, in our experiments, the light fields are detuned so far that the ratio of difference to sum is approximately 1:2.3 for laser light near 1,051 nm, if we estimate the energy difference of the ground and first excited electronic levels according to ref. 25 . Therefore, we cannot necessarily neglect the co-rotating terms. The difference in the processes is illustrated in Extended Data Fig. 4c : for the counter-rotating terms (red arrows), the photon at frequency ω 1 is absorbed to set up a coherence in the molecule that rotates at ω af − ω 1 , and then a photon at ω 2 is stimulated; in the co-rotating term (blue arrows), the photon at ω 2 is stimulated first, setting up a coherence at the larger detuning ω af + ω 2 , after which the photon at ω 1 is absorbed, leading to the same resonance condition and selection rules as in the counter-rotating term. with the matrix elements all written in the form in which the photon is absorbed, to be compatible with equation (8) . The expressions for S + are calculated in the same way, but the available intermediate states change because the photon from field E 2 and its angular momentum is absorbed first in those terms. AC Stark shifts arise as a result of Raman transitions with | 〉 = | 〉 a b, and amount to an energy shift of state | 〉 a by Δ E AC = ħΩ aa . If the two driving fields have different frequencies and/or polarizations, then both photons contributing to a Raman transition need to come from the same field to conserve energy and angular momentum. For two fields with polarizations q (1) and q (2) In our experiments, we chose the polarizations of one field, described by ). In this case, the AC Stark shift is also state independent:
In both cases, the AC Stark shifts produce a global shift of all energy levels under the assumption of large laser detuning. The global shift will not affect the eigenstates of the Hamiltonian; therefore, the eigenstates are not changed when the light fields are turned on and off, and the observed transition frequencies, which are proportional to energy differences, are not altered by the AC Stark shifts. The validity of this approximation can be estimated by looking at the relative difference between energy denominators in equation ( 40 
Ca
+ ions are {ν x , ν y , ν z } = {4.567, 7.546, 3.000} MHz. In the experiment, the order of the two-ion crystal is monitored and maintained to be the same throughout to improve the consistency of laser-beam illumination and micro-motion compensation during the experiments. Sympathetic ground-state cooling. Ground-state cooling before the spectroscopy experiments is achieved by an initial stage of Doppler cooling with the 397-nm π beam (blue arrow perpendicular to the magnetic field in Fig. 1 ), followed by electromagnetically induced transparency cooling with the 397-nm π and σ beams (blue arrow parallel with the magnetic field) 69 . Finally, we perform resolved sideband cooling of the in-phase and out-of-phase modes in the z direction and the lower-frequency (about 3.4 MHz) out-of-phase rocking mode in the x direction with the 729-nm beam (red arrow perpendicular to the B field). We use the z outof-phase mode with low (< 1 quanta per 100 ms) heating rate for quantum-logic readout with low false-positive error rates. The x rocking mode is cooled to the ground state to avoid adverse effects from the parametric coupling between that mode and the readout mode 70 . The D 5/2 and D 3/2 states are repumped by the 854-nm and 866-nm beams (pink arrows perpendicular to the B field in Fig. 1 ).
